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Abstract
In this work, we find plane models for certain Drinfeld modular curves X0(n) which have better
properties than the plane models derived from the usual Drinfeld modular equations. As an appli-
cation, we construct ring class fields over imaginary quadratic fields by using singular values of
generators of the function field of X0(n).
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Chen and Yui [4] constructed a modular equation for the Thompson series Tg and in-
vestigated their properties. They also proved that singular values of Tg (i.e. the values at
suitable imaginary quadratic arguments) generate ring class fields of associated quadratic
orders.
In [10], the last author and Kim gave analogous results for the Drinfeld modular
curve X0(T ) of genus 0. They found a Hauptmodul μ for X0(T ), and defined a modu-
lar equation ΦTm(X,Y ) for μ.
In fact, for any monic irreducible element p of degree 1 or 2, the genus of X0(p) is equal
to zero, and a Hauptmodul μp can be found. Also, a modular equation Φpm(X,Y ) for μp
can be defined.
In this work, for any monic element m prime to p, we prove that Φpm(X,Y ) gives a plane
model for X0(pm) which has better properties than the usual one as in [2].
Finally, as an application, we construct ring class fields over imaginary quadratic fields
by using singular values of generators of the function field of X0(pm).
1. Preliminaries
Let k be the rational function field Fq(T ) over the finite field Fq and A = Fq [T ]. Let k∞
be the completion of k at ∞ = (1/T ) and let C be the completion of an algebraic closure
of k∞. On k, we consider the degree valuation deg : k → Z∪ {−∞}, x → degx associated
with the infinite place ∞ of k. The corresponding absolute value | · | is normalized by
|T | = q . An extension of | · | to C is fixed throughout.
Let Ω = C − k∞ and let Γ (1) = GL2(A). Then the group Γ (1) acts on Ω in the fol-
lowing way: if γ = ( a bc d ) ∈ Γ (1) and z ∈ Ω , then
γ (z) = az + b
cz + d .
Let n be a nonconstant monic element of A. Consider the following subgroups of Γ (1):
Γ (n) =
{(
a b
c d
)
∈ Γ (1)
∣∣∣
(
a b
c d
)
≡
(
1 0
0 1
)
mod n
}
and
Γ0(n) =
{(
a b
c d
)
∈ Γ (1) | c ≡ 0 mod n
}
.
By definition, a congruence subgroup with conductor n of Γ (1) is a subgroup Γ that
contains Γ (n). For each congruence subgroup Γ , the rigid analytic space YΓ = Γ \Ω is
endowed with a unique structure of smooth affine algebraic curve over C. We let XΓ be
its smooth projective model. Such curves are called Drinfeld modular curves. If Γ is one
of the groups Γ (n),Γ0(n), we write X(n),X0(n) for XΓ .
A cusp of XΓ is a point of XΓ − YΓ . Set-theoretically, we have XΓ = Γ \(Ω ∪P1(k)),
and therefore
{cusps of XΓ } = Γ \P1(k).
20 S.Y. Choi et al. / Journal of Number Theory 119 (2006) 18–27For z ∈ Ω , we let Λz = [z,1] = Az + A be the rank 2 A-lattice in C. Then it induces a
Drinfeld module φz of rank 2 determined by
φzT = TX + g(z)Xq +Δ(z)Xq
2
.
The j -invariant j (z) of φz is defined to be g(z)q+1/Δ(z). Let L = π¯A be the rank 1
A-lattice in C associated to the Carlitz module,
ρT = TX +Xq.
Define
e = e(z) := π¯z
∏
λ∈A
(
1 − z
λ
)
, t = t (z) := e−1, s = s(z) := tq−1,
tn := t (z/n) for 0 	= n ∈ A.
A meromorphic modular form for Γ of weight k and type m is a meromorphic function
f :Ω → C that satisfies:
(1) f (γ (z)) = (detγ )−m(cz + d)kf (z) for all γ = ( a bc d ) ∈ Γ ;
(2) f is meromorphic at the cusps of Γ .
We briefly explain the last condition. Let z be a cusp of Γ and ν ∈ GL2(k) with ν(∞) = z.
Now (2) means that f ◦ ν has a convergent series expansion with respect to a local para-
meter at z for XΓ .
By abuse of terminology, we denote by ∞ the cusp of infinity which is represented by( 1
0
) ∈ P1(k). Then s (respectively tn) is a parameter at ∞ for X0(n) (respectively X(n)).
A modular form for Γ of weight 0 and type 0 is called a modular function for Γ . Let
C(XΓ ) denote the function field of XΓ which is the field of modular functions for Γ .
Define the ath inverse cyclotomic polynomial fa(X) ∈ A[X] for a ∈ A, by fa(X) =
ρa(X
−1)X|a|. Then we have
t (az) = t |a|/fa(t).
Now we present some examples of modular forms. Let H be the subgroup
{(
a b
0 1
) | a ∈
F
∗
q, b ∈ A
}
of Γ (1). For k > 0,1  m  k/(q + 1), k ≡ 2m mod (q − 1), the Poincaré
series
Pk,m(z) =
∑
γ∈H\Γ (1)
(detγ )m(cz + d)−ktm(γ z)
is a nonzero modular form of weight k and type m. Here an element γ of Γ (1) representing
a class in H\Γ (1) is written as γ = ( a b ).c d
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h be the Poincaré series Pq+1,1. Then Δ(z) = −π¯q2−1hq−1 = −ηq2−1 (see [6]), and hence
h is a constant multiple of ηq+1.
2. Affine models for Drinfeld modular curves
Like the classical modular equations, in the theory of Drinfeld modules, one may define
the Drinfeld modular equation Φn(X,Y ) for each nonconstant monic n ∈ A. This poly-
nomial encodes a lot of information. In particular, it gives a plane model for the Drinfeld
modular curve X0(n). The general properties of Φn(X,Y ) have been worked out in [2].
In [12], Schweizer suggested an algorithm to calculate explicitly the modular equation for
the simplest case n = T , and gave some examples. In his work, he found that the polynomi-
als have huge sizes in their degrees and coefficients. The same situation holds for general
Drinfeld modular equations.
In what follows, p always denotes a monic irreducible element of A whose degree is
less than or equal to 2, and m a nonconstant monic element prime to p.
In this section, we define the modular equations Φpm(X,Y ) for Hauptmodul of Drin-
feld modular curves X0(p) and prove that they give plane models for X0(pm). Also we
calculate explicitly some equations which strongly suggest that our equations have much
smaller size than the plane models derived from the usual Drinfeld modular equations (see
Examples 2.7, 2.8 and [12]).
The curve X0(p) is rational, and the Hauptmodul μp(z) for it is given by the following:
Proposition 2.1.
μp(z) =
⎧⎨
⎩
h(z)
h(pz) , if deg(p) = 1;
q+1
√
h(z)
h(pz) , if deg(p) = 2
where h is the Poincaré series Pq+1,1.
Proof. Let f (z) := h(z)/h(pz). Then f is a modular function of X0(p) (see [7, Sec-
tion 4]). Note X0(p) has only two cusps 0 and ∞. Then the divisors of Δ(z) and Δ(pz) are
as follows:
div
(
Δ(z)
)= qd(0)+ (∞),
div
(
Δ(pz)
)= (0)+ qd(∞)
where d = 1,2 if deg(p) = 1,2, respectively (see [7, Section 4]). Since Δ(z) is a constant
multiple of hq−1, we have
div(f ) =
{
(0)− (∞), if deg(p) = 1,
(q + 1)((0)− (∞)), if deg(p) = 2.
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Suppose deg(p) = 2. Since X0(p) ∼= P1(C), there exists a function f˜ on X0(p) such that
f = f˜ q+1. Lifting f˜ to Ω , then f˜ must be a modular function and f˜ q+1 = h(z)/h(pz).
Since div(f˜ ) = (0)− (∞), the function f˜ is a generator of C(X0(p)), and hence the result
follows. 
Note that μT is the same as μ in [10]. Let
Sm =
{(
a b
0 d
) ∣∣∣ a, b, d ∈ A,a, d: monic, (a, b, d) = 1, ad = m, degb < degd
}
.
We denote by ψ(m) the number of elements in Sm. Bae [2] computed ψ(m) as follows:
ψ(m) = |m|
∏
q|m prime
(
1 + |q|−1).
Definition 2.2. Define the modular equation for μp(z) by
Φ
p
m(X) =
∏
α∈Sm
(
X −μp
(
α(z)
))
.
Proposition 2.3. Φpm(X) ∈ A[X,μp].
Proof. The argument is almost the same as that of Proposition 3.4 in [10]. 
We may view Φpm(X) as a polynomial in two variables X and μp with coefficients in A.
We write it as
Φ
p
m(X,μp) ∈ A[X,μp].
Theorem 2.4.
(1) Φpm(X,μp) is irreducible over C(μp) and has degree ψ(m).
(2) Φpm(X,μp) = Φpm(μp,X).
(3) Φpm(μp,μp) is a polynomial in μp of deg > 1 with its leading coefficient ±1.
Proof. The proofs are the same as those of Theorem 2.4 in [2]. 
Now we show that μp(z) and μp(mz) form a set of generators of C(X0(pm)).
Proposition 2.5.
C
(
X0(pm)
)= C(μp(z),μp(mz)).
Proof. It is easy to show that μp(z),μp(mz) ∈ C(X0(pm)). From the definition of Φpm(X)
we know that μp(mz) is a root of Φpm(X). Also by Theorem 2.4 Φpm(X) is irreducible over
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Γ0(pm)] = ψ(m). By Proposition 2.1 C(X0(p)) is equal to C(μp(z)). Thus the result fol-
lows. 
Theorem 2.6. The modular equation Φpm(X,Y ) = 0 gives an affine model for X0(pm).
Proof. This follows from (1) of Theorem 2.4 and the fact that the generators μp(z),μp(mz)
satisfy the modular equation Φpm(X,Y ) = 0. 
If m is prime, then
Φ
p
m(X,Y ) = X|m|+1 + Y |m|+1 +
|m|∑
u=0
|m|∑
v=0
au,vX
uY v
where au,v = av,u. Following the same method as in [3], one can obtain the explicit form
of the Φpm(X,Y ) which gives an affine model for X0(pm) by the above theorem. Using the
computer algebra system MAPLE, we obtain some examples as follows:
Example 2.7. Let k = F2(T ), p = T and m = T + 1. Then we have
Φ
p
m(X,Y ) = X3 + Y 3 +X2Y 2 + (T + 1)
(
X2Y +XY 2)+ (T 3 + 1)XY + T 2 + T + 1
which is a defining equation for X0(T 2 +T ). The modular equation in Example 3.6 of [10]
should be corrected to the above equation.
Example 2.8. Let k = F2(T ), p = T 2 + T + 1 and m = T + 1. Then we have
Φ
p
m(X,Y ) = X3 + Y 3 +X2Y 2 + (T + 1)
(
X2Y +XY 2)+ (T 2 + T )XY
+ (T + 1)(X + Y)+ T 3
which is a defining equation for X0(T 3 + 1). Note that the degree of the highest X-term
and Y -term of the usual Drinfeld modular equation is 15.
Asymptotically optimal curves yield excellent linear error-correcting codes over Fq .
In fact, all the known asymptotically optimal towers of curves are related to reductions
of (classical elliptic, Shimura, Drinfeld) modular curves (for more details, see [8]). To
actually construct and use these Goppa codes one needs explicit equations for such curves.
Thus our improved modular equations can have practical applications to the construction
of asymptotically optimal towers of curves.
Let K be an imaginary quadratic field, that is, K is a quadratic extension of k where
∞ does not split. Following the same method as [4, Theorem (3.4)] (see also [10, Theo-
rem 3.8]), we obtain:
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(a,p) = 1. Then μp(ω) is an algebraic integer.
3. Application to class fields
For n ∈ A and a = (a1, a2) ∈ (n−1A/A)2, we define
ea(z) = eΛz(a1z + a2)
where Λz = [z,1]. Then ea is a modular form of weight −1 for Γ (n). Define the Fricke
function
ha(z) = g(z)ea(z)q−1.
Then γ ∈ Γ (1) acts on ha via hγa (z) = haγ (z). It is easy to see that haγ (z) = ha(γ (z)) and
that hγa = ha for γ ∈ Γ (n). Then C(X(n)) is a Galois extension of C(j) generated by ha ,
a ∈ (n−1A/A)2. Let Fn = k(j,ha : a ∈ (n−1A/A)2) and F =⋃nFn.
Let
Uf =
∏
v: finite
GL2(Av) and G(Af ) =
∏′
v: finite
GL2(kv)
where Af denotes the ring of finite adeles and
∏′ means the restricted product with re-
spect to Uf . Now we define a map τ :G(Af ) → Autk(F ) as follows: For u ∈ Uf , define
τ(u) ∈ Gal(F/F1) by hτ(u)a = hau for every a ∈ k2/A2. For γ ∈ GL2(k) and h ∈ F , define
hτ(γ ) = h◦γ . Then on GL2(k)∩Uf = Γ (1), the two definitions coincide from the fact that
haγ (z) = ha(γ (z)) and j (γ (z)) = j (z). Since G(Af ) = Uf GL2(k), we can define τ(w)
for any w ∈ G(Af ). Then τ is a well-defined homomorphism [11].
Let K be an imaginary quadratic field. Let I be the group of the ideles in K without
∞-component and let Kab be the maximal abelian extension of K where the infinite place
splits completely. Let (· ,K) : I → Gal(Kab/K) be the Artin homomorphism from class
field theory. Fix a point ω ∈ K ∩Ω . Define an embedding
ϕ :K∗ → GL2(k),
x →
(
a b
c d
)
,
such that xω = aω + b and x = cω + d . Observe that ϕ(x)(ω) = ω. By continuity, we can
extend ϕ to an embedding of I , and denote it again by
ϕ : I → G(Af ).
We then have the following Shimura’s reciprocity law.
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of Kab , then f (ω) lies in Kab and f τ(ϕ(s))(ω) = f (ω)(s−1,K) for all s ∈ I . If Kab(f (ω))
is not separable over Kab , then it is a purely inseparable extension of Kab . In this case, we
can extend (s−1,K) uniquely to an embedding of Kab(f (ω)) over K . We denote it again
by (s−1,K). Then f τ(ϕ(s))(ω) = f (ω)(s−1,K).
Given a fractional ideal a = [ω1,ω2] of OK , put ω = ω1/ω2. Suppose that ω satisfies
an equation aω2 + bω + c = 0 where a, b, c ∈ A and (a, b, c) = 1. As in the classical case
(cf. [1]), for the A-lattice Λω = [ω,1], one can show that the order OΛω of Λω is equal to
[aω,1] where OΛω = {z ∈ K: zΛω ⊂ Λω}. Therefore we know that [aω,1] =OK .
Lemma 3.2. Let f be a modular function for Γ (n) with rational coefficients in the expan-
sion in tn. Let (x) be a principal ideal of OK relatively prime to n. Write x = l(aω) + m
in OK . And let γx be a matrix in Γ (1) whose image in GL2(A/nA) is equal to
( −bl +m −cl
alN(x)−1 mN(x)−1
)
where N :K → k is the norm map. Then the action of (x) on f (ω) is given by
f (ω)[(x),Kn/K] = f (γx(ω)) (1)
where Kn is the ray class field of conductor n and [(x),Kn/K] denotes the Artin symbol.
Proof. [10, Lemma 4.2]. 
Now, we are ready to construct ring class fields by using singular values of μp(z) and
μp(mz). We recall some notations in class field theory. For an ideal f of OK , we denote by
IK(f) the group of all fractional OK -ideals relatively prime to f, and PK,A(f) the subgroup
of IK(f) generated by principal ideals xOK with x ≡ m mod f, m ∈ A and (m, f) = 1. Also
recall that a ∈ A satisfies OK = [aω,1].
Theorem 3.3. Notations being as in Proposition 2.5, let K and ω be as before. As-
sume that the point (μp(ω),μp(mω)) is nonsingular in the plane curve represented by
Φ
p
m(X,Y ) = 0. Then
Gal
(
K
(
μp(ω),μp(mω)
)
/K
)∼= IK(pm)/PK,A
(
pm
(a,pm)
)
.
In other words, μp(ω) and μp(mω) generate the ring class field over K with conduc-
tor pm/(a,pm). In particular, when (a,pm) = pm, they generate the Hilbert class field
over K .
Proof. Since μp(z) and μp(mz) are modular functions for Γ0(pm) with rational coef-
ficients in s-expansion, both μp(ω) and μp(mω) land in Kpm [9]. Let L = K(μp(ω),
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ΦL/K(a) = [a,L/K] fixes both μp(ω) and μp(mω), and so it fixes j (ω), too. Since
K(j (ω)) is the Hilbert class field of K , we see that a ∈ IK(pm) ∩ PK = PK(pm). Thus
we can write a = xOK for some element x in OK with (N(x),pm) = 1. Now, we write
x = l(aω)+m with l,m ∈ A. Then we derive for (x) ∈ IK(pm)
(x) ∈ ker(ΦL/K)
⇐⇒ μp(ω)[(x),Kpm/K] = μp(ω) and μp(mω)[(x),Kpm/K] = μp(mω)
⇐⇒ μp(γxω) = μp(ω) and μp(γxmω) = μp(mω) by (1)
⇐⇒ γx ∈ Γ0(pm) ·
(
Γ (1)ω ∩ Γ (1)mω
)
by nonsingularity of
(
μp(ω),μp(mω)
)
⇐⇒ γx ∈ Γ0(pm)
where Γ (1)ω = {γ ∈ Γ (1): γω = ω}. Here, the third equivalence can be seen as follow-
ing: The “if” part is trivial. Conversely, the condition combined with nonsingularity implies
γxω = ω and γxmω = mω on X0(pm). Thus the equivalence follows. For the last equiva-
lence, if γ ∈ Γ (1)ω and γ 	= ±1, then ω is an elliptic point, and then k(ω) = k · Fq2 [5].
But this is absurd. Thus Γ (1)ω = {±1}. Finally, we have
(x) ∈ ker(ΦL/K) ⇐⇒ γx ∈ Γ0(pm) ⇐⇒ pm|al ⇐⇒ pm
(a,pm)
∣∣l
⇐⇒ (x) ∈ PK,A
(
pm
(a,pm)
)
.
This proves our theorem. 
Remark 3.4. The arguments used in the proof of Theorem 3.3 are also valid for other plane
models of X0(pm), for example, C(j (z), j (pmz)). Of course, in this case the defining
equations have too large degrees and coefficients, and hence they are not practical for our
use.
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